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In the last time very strong results have been obtained in the theory 
of bounded operators in Hilbert spaces modulo compact operators [5]. 
More precisely, the normal elements in the Calkin algebra are classified 
up to unitary equivalence. The main tools used in this classification 
theory are: the Weyl-von Neumann theorem (see [l, 2, 12, 81) and 
index theory for Fredholm operators (see [9]). Many facts from index 
theory have been extended for W*-algebras (see [3, 4, 10, ll]), but 
an appropriate Weyl-von Neumann type theorem has not been 
obtained. 
Our purpose is to extend the Weyl-von Neumann theorem for 
arbitrary semifinite properly infinite factors of countable type. 
I am thankful to D. Voiculescu for helpful conversations. 
I. QUASITRIANGULAR ELEMENTS 
Let m be a W*-algebra and M its predual. Consider on M the 
s-topology defined by the seminorms 
x H p(x*x)lI2, REM*, ~20. 
If M is of countable type then the closed unit ball of M is metrisable 
in the s-topology [6, Chap. I, Sect. 3, Prop. I]. 
Let y be a norm-closed two-sided ideal in M. Then y is the norm- 
closed linear span of all projections from y [6, Chap. I, Sect. 1, 
Exercise 61. An element x E M is called pasitriunguZur relative to y 
if for every E > 0 and for every projection e E y there exists a projec- 
tion f E y, f > e, such that 
Ml -f> xfll < E. 
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In the case M = the algebra of all bounded linear operators on 
a separable Hilbert space H and y = the ideal of all compact linear 
operators on H quasitriangular elements have been defined by 
P. Halmos in [7]. The following propositions are extensions of results 
from [7]. 
PROPOSITION 1 .l. If M is of countable type, y is s-dense in M, 
x E M is quasitriangular relative to y and E > 0 then there exists an 
increasing sequence (e,> of projections in y, Vfl e, = 1, such that 
x - 2 (e,+l - 4 41 - 4 E Y. 
n=l 
Proof. Let V, 3 V, 3 **+, be a fundamental system of neighbor- 
hoods of 0 in the s-topology of the closed unit ball of M. By the 
s-density of y in M and by the quasitriangularity of x relative to y 
there exists an increasing sequence (e,} of projections in y, such that 
for every n 
1 - e,E V,, 
I!(1 - e,) xe, II < 42”. 
Then the sequence {e,> converges to 1 in the s-topology, so 
Vfl e, = I. Obviously 
zl ll(1 - 4 xe, II < E. 
For every integer k 3 1 we define 
k 
xk = 1 cen+l - e,) X(1 - en> + (1 - ek+l) x(1 - ek+d. 
?L=l 
Then for every k 
11 xk - xk+l iI = \\(l - ek+2) x(ek+2 - ek+l)ll 
< IIV - ++J xek+2 II < k/2k+2h 
hence the sequence (xk) converges in the norm-topology to an element 
x, E M. Since for every k 
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we have 
It is easy to see that 
x - X,EY. 
X m = @%+1 - e,) x(1 - e,). 
Q.E.D. 
PROPOSITION 1.2. For arbitrary M and y, every selfadjoint a E M 
is quasitriangular relative to y. 
Proof. Let e E y be a projection and E > 0. 
By the spectral theorem there exist orthogonal projections p, , 
P, ,*--* P, in M and scalars c~lr , cys ,..., CITY such that 
Let fi be the left support of pie (the trace of e on pi). Then fi is 
equivalent to the right support ofpie, so it is in y. Putting 
we have 
f commutes with p, ,..., p, . 
Consequently 
I/(1 -f>Xfll = I/u -f> (+%P3)fl( G e* 
Q.E.D. 
COROLLARY 1.3. If M is of countable type, y is s-dense in M and 
a E M is self-adjoint, then there exists an orthogonal sequence {fn} of 
projections in y, C,“c, f, = 1, such that 
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Proof. Using Propositions 1.2 and 1.1, there exists an increasing 
sequence {en} of projections in y, Vfl e, = 1, such that 
a- f (en+l--e,)4 -4Ev 
?Z=l 
Denote 
f. = el , 
fn = en+, - en , n 3 1. 
Since for every n > 1 
lI(en+l - e,) a(1 - e,) - fnafn II = lI(e,+~ - 4 41 - %+dll 
d II en+l4l - en+411 
= IU - e,+J aen+, /I, 
and 
$111(1 - e,+J aen+, II < +cfh 
we deduce that 




Equations (1) and (2) imply 
Q.E.D. 
2. SELF-ADJOINT ELEMENTS 
If M is a W*-algebra and y a norm-closed two-sided ideal in M 
then we denote by x, the canonical image of x E M in M/y and by 
uY(x) the spectrum of x, . 
PROPOSITION 2.1. Let M be a W*-algebra, y a norm-closed two- 
580/18/I-5 
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sided ideal in M and a E M a self-adjoint element. Then there exists a 
self-adjoint element b in the W*-subalgebra generated by a in M such that 
a-bEy. 
Proof. We consider for every integer 
of mutually disjoint intervals such that 
R 3 1 a family {Irk,,.., I$ 
,I!$’ I k is an open set containing ~~(a), 
4” n da) # 63, 1 <iGil;, 
lfgy, meas (4”) < (l/W, 
every 19?+l is included in some Ii”. 
For every Ii” we choose an If&f C Iik. 
Let N be the W*-algebra generated by a and let p be the unit of N. 
Denote for any Bore1 set B C R by p(B) the spectral projection of a 
in N, corresponding to B. Now we define the families {pIk,..., p,“,> 
of projections in N by induction: 
ifj<jk-- 1, 
ifj = j, , 
if there is no i with j = j(i), 
if j = j(i). 
For every k 3 1 and for every 1 < j < j, we choose 
cfjk E Ijk n u,(a) 
and denote 
6” = ‘$ ,$yQ. 
j=l 
Since 
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there results that the sequence (bk} converges to a self-adjoint element 
b E N in the norm-topology. On the other hand, 
II@“), - a, II < 1~jyjymeas(4k) < Wk, 
hence b, = a, , that is a - b E y. Using the Gelfand representation of 
the C*-algebra generated by {bk}, we deduce that 
u(b) C fi (alk,..., c$} C o,(a) = o,(b), 
7c=l 
so u(b) = a,(b). Q.E.D. 
Let ikl be a W*-algebra and M+ its positive part. A weight on M+ is 
a mapping p: M+ + [0, + co] such that 
(9 P(U + b) = ~(4 + p(b), a, b E M+, 
(ii) p(k) = hp(u), a E M+, h E R+; 
it is called normal if 
(iii) for every increasingly directed family {u‘),,~ in M+, 
supLEr II uL II < +m, we have 
and it is called semi$nite if 
(iv) {u E M+; p(u) < +co} is s-dense in M+. 
Standard arguments give us the following “Darboux type property.” 
LEMMA 2.2. Let M be a W*-algebra without minimal projections, 
p a normal weight on M+ and N a maximal commutative W*-subalgebra 
of M such that every nonzero projection p E N contains a nonzero 
projection q E N with p(q) < + CQ. Then for any projection e E N and 
for any sculur 01, 0 < 01 < p(e) there exists a projectionf6 N such that 
Proof. First we remark. that N has no ;minimal !projection. 
Indeed, if e E N is minimal in N, then 
N = Ce + N(l - e). 
Since M has no minimal projection, there exist projections e, , ea E M, 
e, + e2 = e. Putting 
No = Ce, + Ce, + N(l - e), 
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N, is a commutative W*-subalgebra of M, N C IV,-, and N # N, , 
in contradiction with the maximality of N. 
Now let e E N be a projection and 01 a scalar such that 0 < 01 <p(e). 
By the Zorn Lemma there exists a maximal totally ordered family 
(f,},,[ of projections in N, such that for every 1 E I 
Let 
f = Vf‘. 
rer 
Suppose that p(f) < (Y. Then p = e - f # 0. By our hypotheses 
there exists a projection q E N, 0 # q < p, p(q) < + 00. Since N has 
no minimal projection, there exists a projection q1 E N, 0 $ q1 < q, 
p(q,) < (l/2) p(q). By induction we find a decreasing sequence {qn} of 
nonzero projections in N such that for every n 
.&a) -G U/2”) P(4)* 
Let n, be such that (1/2”0) p(q) < 01 - p( f ). Then the family 
If& ” {f + q?J contains {fL}LEI but these two families are not equal, 
in contradiction with the maximality of {fL}LEI. Q.E.D. 
A trace p on the positive part M+ of a W*-algebra M is a weight 
on M+ with the additional property: 
p(x*x) = /+x*)9 XCikZ. 
We say that a trace p is normed if for every minimal projection e E M 
we have p(e) = 1. 
Now we prove our extension of the classical Weyl-von Neumann 
theorem: 
PROPOSITION 2.3. Let M be a semi.nite properly injinite factor of 
countable type, y the norm-closed two-sided ideal generated by all fznite 
projections, tr a nonzero normed semij&ite normal trace on M+ and 
a E M a self-adjoint element. Then there exist an o$hogonal sequence 
{e,} of projections in M, tr(e,) = 1 for any n, CnEl e, = 1, and a 
sequence {an) of elements of cry(a) such that 
a - C anen E y. 
?z=l 
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Proof. Following Corollary 1.3, there exists an orthogonal 
sequence {f,] of finite projections, Cz=‘=, f = 1, such that 
a - 2 fnafn E Y. 
TZ=O 
Let N be a maximal commutative W*-subalgebra of M, containing 
the family {f,af,),>, . Then every nonzero projection p E N contains 
a nonzero finite projection 4 EN, that is a projection Q E N with 
tr(q) < + 00. Using Proposition 2.1, there exists b E N such that 
Consequently 
zofnafn - b E Y. 
a-hey, 
and 
u(b) = u,(b) = u,(a). 
We choose for every integer k >, 1 a family {Irk,..., IfJ of mutual 
disjoint intervals such that 
Ijk n u,(a) # ~7, 1 dj<jk, 
I~l?~jkmeas(rjk) < lPk, 
every IF is included in some Ii”. 
Denote for any Bore1 set B C R by p(B) the spectral projection of b 
in N corresponding to B. 
We finish the preliminaries of our construction by choosing a 
fundamental system V, 1 V, 3 *** of neighborhoods of 0 in the 
s-topology of the closed unit ball of M. 
Now we consider for every integer k > 1 a family {qrk,..., qFk} of 
mutually orthogonal projections in N such that: 
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4i" G Iv,"), 1 GcjGk, 
tr(@) is a positive integer, 1 Gj Gjk, 
Qikqjh = 0, k 3 1, 1 Gi<jk, h b 1, 1 ,Cj<jh, 
1-i: &jwk. 
h=l i=l 
The families {qik,..., q;J are constructed by induction following k, 
using the fact that every projection p(lik) is infinite and using Lemma 
2.2 in the case when M is a type II, factor. 
We choose for every k > 1 and for every 1 < j < j, a scalar ajk in 
Ijk n a,(a). Denote 
xk = gl gl ajh!?jh + b (1 - h$l f qj”) * 
Since 
11 Xk+l - xk j! < max meas(lf+l) < 1/2k+1, 1 G&&+1 
the sequence {xJ converges in the norm-topology to an element 
x E N. On the other hand, using the statement 1 - &, & qjh E V, , 
it is easy to see that {x~} converges in the s-topology to C,“=, xi;, ajhqih, 
hence 
All projections qik belong to y, so for every k 3 1 
b - xk E y. 
Consequently b - x E y and we deduce 
a - f f Cijhqjh E y. 
h=l js1 
If we represent every qik as a sum of orthogonal projections with trace 
1 then we obtain the statement of the lemma. Q.E.D. 
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3. SEPARABLE COMMUTATIVE C*-ALGEBRAS 
In this section we prove our main results, extending [5] Theorem 5.3. 
The proofs are transpositions of those from [S]. 
The first result is a representation theorem. 
THEOREM 3.1. Let M be a semifinite properly infinite factor of 
countable type, y the norm-closed two-sided ideal generated by all 
jkite projections, tr a nonxero normed semifinite normal trace on M+ 
and A C M a separable commutative C*-subalgebra, containing the 
unity. Then there exist an orthogonal sequence {ee,) of projections in M, 
tr(e,) = 1 for any n, C,“=, e, = 1, and a +homomorphism rr of A 
into the W*-subalgebra generated by {e,> in M such that for every a E A 
Proof. Let D be the maximal ideal space of A. .Q is compact and 
metrizable. Every a E A is identified with a continuous complex 
function a(*) on Q. Denote for any Bore1 set B C Q by p(B) the 
spectral projection of A in M corresponding to B. 
Let {U,JkaO be a basis of open sets for Q. Then A is included in the 
C*-algebra generated by a,, = Cr=‘=, 3Fk(2p( 87,) - 1) and the unity. 
This inclusion induces a surjective continuous mapping 9): cr(a,,) -+ Q, 
so that a = a(v(a,,)) for any a E A. 
Using Proposition 2.3, there exist an orthogonal sequence (e,> of 
projections in M, tr(e,) = 1 for any n, C,“r e, = 1, and a sequence 
{o+J of elements of u,(aJ such that 
m 
a0 - C se, E Y. 
VI=1 
We define a a-homomorphism rr of A into the W*-algebra generated 
by {e,} putting 
Then for every a E A 
a - 44 = 4dao)) - f 4~44) en E Y 
n=1 
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and 
The second result is a unitary implementation theorem for iso- 
morphisms. 
THEOREM 3.2. Let M be a semifinite properly infinite factor of 
countable type, y the norm-closed two-sided ideal generated by all Jinite 
projections, A, , A, C M separable commutative C*-subalgebras, con- 
taining the unity, and Qi an isomorphism of (A&, onto (A,), . Then there 
exists a unitary element u E M such that 
Proof. Following Theorem 3.1, there exist orthogonal sequences 
(e,l}, {en21 of equivalent finite projections in M, Cz-, en1 = 
C,“cl en 2 = 1, a +homomorphism mI of A, into the W*-algebra 
generated by {e,l} and a *-homomorphism VI=~ of A, into the W*-algebra 
generated by {em2} such that for every a, E A, , a2 E A, 
a1 - d%) EY? a2 - 772@2> EY* 
44 = 4+4), T&2> = 47r2@2N. 
Then the mapping M 3 x ti x, E M/y induces a *-isomorphism of 
4%) OntO (4L and a *-isomorphism of TV onto (A2)v . Hence @ 
induces a *-isomorphism ?P of rr,(A,) onto r2(A2). 
Let ,R, be the maximal ideal space of 7r1(A,), 9, the maximal ideal 
space of r2(AZ) and Z) the homeomorphism of Q2 onto 9, induced 
by Y. Every projection en1 defines an element w,r of J2, by the formula 
x(wnl) en1 = xe,l, 
Analogously, every projection en2 defines an element wrr2 of X2, by 
y(w,“> en2 = yen2, Y E 7T2642). 
The sequences {wnl}, {wn2} are dense in IR, , and Sz, , respectively. 
Every isolated point of Sz, is infinitely often repeated in (w,‘} and 
analogously for 9, . 
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Now let d be a metric on Sz, . There exists a permutation 7 of the 
nonzero positive integers such that d(w,l, #(wan,,)) -+ 0. Let u, be 
a partial isometry in M such that 
Then u = Cz-I U, is a unitary element in M. 
Let a, E A, . Then 
44 = f 4Mwn1> enl, 
TZ=l 
consequently 
u*d4u = f +4(wn1> e2,h) - 
T+l 
On the other hand 
Hence 
Since ~~(a,)(o,l) - rrl(a,)(#(w&,)) -+ 0, we deduce 
In conclusion, 
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Theorem 3.2 implies immediately the following extension of the 
Berg-Sikonia theorem [2, 121. 
COROLLARY 3.3. Let M be a semijkite properly inJnite factor of 
countable type, y the norm-closed two-sided ideal generated by all jkite 
projections and x1 , x2 E M normal elements. If 
then there exists a unitary element u E M such that 
u*xlu - x.2 E y. 
We remark that other results from [5] can also be extended for 
general semifinite properly infinite factors of countable type, These 
extensions will appear in a common paper of D. Voiculescu with the 
author. 
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